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This article presents the
Weighted Matrix Product / Weighted Matrix Multiplication
a generalization of ordinary matrix multiplication
with applications, including the four dimensional dot and cross product for Lorentz-Minkowski
space

A =(Ay) - B = (Bjn)
AoB = (ZAiaBaj)

a=1
is defined only if:
the number of columns of A equals the number of rows of B
and then these matrices are termed: conformable.

The resultant matrix has the number of rows of the left operand
(A), and the number of columns of the right operand (B).

The Weighted Matrix Product, Weighted Matrix Multiplication
is a generalization of ordinary matrix multiplication, as follows:

Given a set of Weight Matrices, @, = (D)
the Weighted Matrix Product of the matrix pair (A,B)
is given by:

A = (A,'j) N B = (th)
c(A)

AocB = (Z (DaiinaBaj)
a=1

where:
c(A) : the number of columns of A

The number of Weight Matrices is:

the number of columns of the left operand =

the number of rows of the right operand

The number of rows of the Weight Matrices is:

the number of rows of the left operand.
The number of columns of the Weight Matrices is:

the number of columns of the right operand.
(conformability is unchanged).

NOTE:
Ordinary Matrix Multiplication is the special case of Weighted
Matrix Multiplication, where all the weight matrix entries are 1s .
Ordinary Matrix Multiplication is Weighted Matrix Multiplication



in a default ”sea of 15, the weight matrices formed out of the

”sea” as necessary.

NOTE:
The Weighted Matrix Product is not generally associative:

for:
A = (Alj) s B E(A)(B/h) s C = (th)

) "O)
(AeB)oC=| X Q)wy'AiaBaj> o C =) DA (Z q)ﬁajBaﬁCﬁj>
=1

a=1 a=1
c(A) r(C)
= ; ﬁ; @ijAiaBapCpi(Dpoj)
c(B) r(C) ¢(A)
Ao(BoC)=Ao 2 DyiiBinCoj |= Z Dy Z DuipAiaBap |Cpj
a=1 p=1 a=1
c(A) r(C)
=2 ﬁz @i iaBapCpi(Paip)
a=1 p=1
where:

c(A) : the number of columns of A
r(C) : the number of rows of C

Weighted matrix multiplication may be expressed in terms of ordinary matrix multiplication,
using matrices constructed from the constituent parts, as follows:
for mxp matrix: A =(a) , and pxn matrix: B =(b,,) :

define:
PR
O aj; .
A= . ] 0 , are mxm matrices
> 0 - 0 am <
by - - 0
0 bp : )
B; = ) ) 0 , are nxn matrices
\ 0 -~ 0 b /
and:
®; are mxn matrices
then:
c(A) c(A) c(A)
AoB = (Z (DaiinaBaj) = Z((DaiinaBaj) = Z(Aiaq)aijBaj)
a=1 a=1 a=1
c(A)
= ZAQQQBQ
a=1

Because this is a newly defined entity, it is altogether appropriate to
present and work out examples of weighted matrix products in full

detail.
Example#1:



w2y o0 1)

®=(678),a=(910 1)
then:
(AoB), = PoooAooBoo + P1ooAo1B1o
=(6e1¢0)+(9e2¢(-3))=0-54=-54
(AoB), = Doo1AoBor + Pio1AoiB1i
= (Tele(=1))+ (1020 (—4)) = —7—80 = —87
(AoB);, = Pon2AooBo2 + P102A01B12
=(8ele(2))+(11e2e¢(=5))=-16-110=-126

;oB =( 54 87 —126 )
or.

00 0 30 0
AoB:(1)(678) 0 -1 0 +(2)(91o 11) 0 —4 0
00 -2 0 0 -5

-0 -7 -16 )+ @( 27 40 -55 )
~(0 -7 —16 )+( 54 80 —110 ) = ( 54 87 -126 ) ¥

Example#2:

024 8
1 23
, B= 1 35 7
567
1 0-10

(0246) (8101214) (16182022)
o) = , ® = , O, =
1 357 9 11 13 15 17 19 21 23
then:
(Ao B)g, = PoooAooBoo + P1o0Ao1B10 + P20oA2B20
—(0e1+0)+(8e2e1)+(16+301)=0+16+48 = 64
(AoB),, = QPoo1AwBor + P101A01B11 + Pa01Ap2B21
— (2e12)+(1002e3)+(183+0) = 4+60+0 = 64
(AoB)y, = ©onAoBon + Pio2A0Bi2 + Pr02A0nB2
—(deled)+(120205)+ (203 +—1) = 16+ 12060 = 76
(AoB)y; = ©oozAooBo3 + P103A01B13 + P203A 02823
— (6e1e8)+(140207)+(223+0) = 48+ 196+ 0 = 244
(AoB),, = ©o10A10Boo + P110A11B10 + P210A 12820
— (1050)+(9e6e1)+(17e7e1)=0+54+119 = 173
(AoB),, = ®o11A10Bo1 + P111A11B11 + P211A 12821
— (3e52)+(1126+3)+(197+0) =30+ 198+0 = 228
(AoB),, = ©o2A10Boz + P112A11B12 + ©212A 12822
— (565e4)+(130605)+(21+7+—1) = 100 +390 — 147 = 343

A



(AoB),; = o134 10Bo3 + P113A11B13 + P213A 12823
—(7e5¢8)+(15¢67)+(23+7+0) =280 +630+0 = 910

64 64 76 244
A [e] B =
173 228 343 910

or:
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B 64 64 76 244
173 228 343 910

The Weighted Matrix product is especially useful in developing matrix bases closed under a

(not necessarily associative) product.
As an example, consider the following developments:

Two Dimensional Dot and Cross Products

po_[ 10 w01
0 1 10

u” ou? is weighted matrix multiplication,
(aj)(by) = (Z (Dhijaihbhj>
7
with weights: (®,= ¢>")

020 — -1 1 o = -1 -1
-1 -1 1 -1

uZ;OouZ;O:
[(<1)e0el+1e1e0] [(<1) e 00+ (-1)e1e1]

020 o 2! = [(<1)e1e0+(=1)e0e1] [lTelel+(—=1)e0e0]
[(<1)e0e0+1e1e1] [(<1)e0el+(—=1)e1e0]

w2l 020 = [(1)e0el+(=1)e1e0] [IeOeO+(—1)el1e1]
[(<1)elel+1e0e0] [(<1)e1e0+(-1)e0e1]

w2l o2l = [(<1)e0e0+(=1)e1e1] [IeOel+(~=1)e1e0]
[(<1)e1e0+1e0e1] [(<1)elel+(—=1)e0e0]

112;0 ° u2;0 — _u2;0 112;1 ° u2;0 — _u2;1

uZ;O ° u2;1 — u2;1 u2;1 ° u2;1 — _u2;()

so,with:

A = u?A0 + uZlA! B = u*°B% + u*'B!

then:

AoB =u*(-A°B° —A'B") + u*!(A°B! —A'BY)

and, so:

AOB=%(AoB+BoA) =u*(-A°B° -~ A'B') | inner product
AxB =4(AocB-BoA) =u*(A°B! —A'B%) | outer product

Ao(-u2%) = A , VA
so:
Alr (= -u*’) 3 Aolzg =A , VA : Right Hand Identity

[(<1)slel+(=1)e0e0] [leleO+(=1)e0e1]

-1
0

01
10

-1
-1

-1

-1

-1



>
==}
m

A°B® +A'B!

DeR>2AGB=IzeD : dot product

[Note: the inner product, as defined here, has the usual properties of:

Symmetry: AOGOB=BOA
Additivity: A+B)oC=A060C+BoC
Homogeneity: (kA) ® C = k(A © C)

and, so:
A B=AxB+BOA
AxB=-BxA
AOB=BGOA
AB=B.A

The dot product, as defined here, adds the usual property:
Positivity: AeA>0, VA and AA=0=A=0

Four Dimensional Dot and Cross Products

71000 ) /010
o _| 0100 | 100
0010 00 0
0001 00 1
0010 00 0
e _| 0001 s | 001
1000 010
\0100/ \100

u® ou* is weighted matrix multiplication,
(aj)(by) = (Z (Dhijaihbhj>
7
with weights: (®,= ¢*")

-1 1 1 1 s
ot -1 -1 1 -1 gt = 1
-1 -1 -1 1 1
-1 1 -1 -1 -1
-1 1 -1 -1 -1
0t = -1 -1 -1 1 gt o 1
11 -1 1 -1
1 -1 -1 -1 / \ 1

so, under weighted matrix multiplication' with
bases: u*’, and weights: @* :

0\




u®0 o p%0 = o , u®l o p%0 = ¥l , u*2 o u%0 = 2 , u*3 ou#0 =
utlopl = u4l | pHlou4! = —u#0 | ufloptl = ¥ | uBoud! =
u®0 o u%2 = p*2 , ublou®? = u#s3 , u*2ou*? = g0 , u3 ou*? =
u*0op®’ = u*s , u®! o u®3 = 2 , ut2ou*3’ = u#! , u®3 o u*3
114;0 ° u4;0 — _u4;0 114;1 ° u4;0 — _u4;1

u4;0 ° u4;1 — u4;1 u4;1 ° u4;1 — _u4;0

114;0 ° u4;2 — 114;2 114;1 ° u4;2 — 114;3

u4;0 ° u4;3 — u4;3 u4;1 ° u4;3 — _u4;2

114;2 ° u4;0 — _u4;2 114;3 ° u4;0 — _u4;3

u4;2 ° u4;1 — _u4;3 u4;3 ° u4;1 — u4;2

114;2 ° u4;2 — _u4;0 114;3 ° u4;2 — _u4;1

u4;2 o u4;3 — u4;1 u4;3 ° u4;3 — _u4;0

so,with:

A = u4;0AO + u4;1A1 + u4;2AZ + u4;3A3
B = u4;OBO + 114;131 + u4;ZBZ + u4;SBS
then:
AoB =u*'(A°B' —A'B* + A’B? — A3B?) +
+u*?(A°B> - A'B® —A’B + A3B") +
+u*(A°B3 + A'B? —A’B' — A°B°) +
+u*0(-A°BY —A'B! —A2B? - A3B3)
and, so:
AOB=%AcB+BoA)=u*(-A°B° - A'B' — A2B? — A3B?) ,inner product
AxB =4(AocB-BoA) =u*'(A°B' —A'B° + A2B3 — A3B?) +
+u*?(A°B> - A'B® —A’B" + A3B!) +
+u*(A°B3 + A'B? — A’B' — A3B°%) ,outer product

Ao(-u*®) = A , VA
SO:

Alg (= -u*’) 3 Aolzg = A , VA : Right Hand Identity

A+B

DeR>AOGB=1IzD : dot product
=A'B° + A'B! + A2B? + A°B3

[Note: the inner product, as defined here, has the usual properties of:

[ Symmetry: AGB=BGOA
[ Additivity: (A+B)oC=A0C+BoC
[ Homogeneity: (kA) ® C = k(A © C)
[ The dot product, as defined here, adds the usual property:
[ Positivity: AeA>0, VA and A A=0<=A=0
and, so:
AoB=AxB+BOA
AxB=-BxA

AGB=BOA

= -u

_u4;3
4;2
4;1
4;0

—u



AB=B-.A

Note:
the inner and outer product definitions:
AOB="%AB+BoA)
AxB=%A-B-BoA)
are basis independant, from which arise
the dot and cross product, which reduce to their
ordinary forms in 3-D.
dot product:
A+B=AB"+A'B! + A’B% + A°B3
Note, for 3-D (A° = B® = 0):
AeB=DeR>DIgp=%AB+BoA)
=A'B' + A’B?> + A3B?
the ordinary 3-D form
cross product:
AxB=%A-B-BoA)
=u*'(A°B!' —A'B° + A’B® - A®B?) +
+u*?(A°B% - A'B3 - A2BY + A’B') +
+u*3(A°B3 + A'B? - A2B' — A3B")
Note, for 3-D (A° = B? = 0):
AxB=%A-B-BoA)
= u*!(A’B? - A3B?) +
+u*?(-A'B* + A’B') +
+ u4;3(AlBZ _AZBI)
the ordinary 3-D form
Clearly, u¥! =1, u*2 = j , u®3 = k
it is a simple matter to show the linear
independance, 3-D spanning, and the

relations:
fei=1,71¢j=0,i¢k=0,
jei=0,jej=1,j°k=0,
Kei=0,Kkej=0,kek=1,
/l\X/i\:(), /i\xjj\zﬁ, /i\xﬁz—ji\,
jxfz—ﬁ,jszO, jxﬁz?,
ﬁx/i\zjj\, ﬁxjj\:—/i\,ﬁxﬁz()

A variation on the above is, with the same basis matrices, but
with weights: (®,= ¢*")

1 1 1 1 1 -1 -1 1
o0 = 1 -1 1 -1 ot = 1 1 1 1
! 1 -1 -1 1 ! 1 -1 -1 -1

-1 1 -1 -1 -1 -1 1 -1



11 -1 -1 1 -1 1 -1
ot = -1 -1 -1 1 ot = 1 -1 -1 -1
! 1 1 1 1 ! 11 -1 -1
1 -1 -1 -1 1 1 1 1

so, under weighted matrix multiplication' with
bases: u*’, and weights: @* :
4

114;0 ° u4;0 = u ;0 , u4;1 ° 114;0 — _u4;1 , u4;2 ° 114;0 — _u4;2 , u4;3 ou
utlopbl = u4l | pgHlou4! = —u#0 | ufl2opl = ¥ | uBoud! =
114;0 ° u4;2 — 114;2 , u4;1 ° 114;2 — u4;3 , 114;2 ° u4;2 — _u4;0 , u4;3 ou
uou*3 = u* |, uHlou® = w2 |, uHou¥ = udl |, uHou
114;0 ° u4;0 — 114;0 114;1 ° u4;0 — _u4;1

u4;0 o u4;1 — u4;1 u4;1 ° u4;1 — _u4;0

114;0 ° u4;2 — 114;2 114;1 ° u4;2 — 114;3

u4;0 o u4;3 — u4;3 u4;1 ° u4;3 — _u4;2

114;2 ° u4;0 — _u4;2 114;3 ° u4;0 — _u4;3

u4;2 ° u4;1 — _u4;3 u4;3 ° u4;1 — u4;2

114;2 ° u4;2 — _u4;0 114;3 ° u4;2 — _u4;1

u4;2 ° u4;3 — u4;1 u4;3 ° u4;3 — _u4;0

so,with:

A = u*A0 f utTA! + ut?A? + utiA3
B = u**B’ + u*'B! + u*?B? + u*3pB3
then:
AoB = u¥!(A%B! — A'B® + A2B® — A3B2) +
+ut2(A9B2 — A'B3 — A2B® + APB') +
+ut3(A°B3 + A'B2 — A’B' — AB0) +
+u*O(A9BY — A1B! — A2B% — A3B3)
and, so:
AOB=%AocB+BoA) =u*(A°B° —A'B' — A’B% — A3B?) ,inner product
AxB =4(AocB-BoA) = u*'(A°B' —A'B° + A2B3 — A3B?) +
+ut2(A9B2 — A'B3 — A2B® + ASBY) +
+u*(A°B3 + A'B? — A’B' — A3B°%) ,outer product

W) A=A , VA
so:
A (=u*’) 3o A=A, VA : Left Hand Identity

AeB=DeR>5AOB=1I.D : dot product
:AOBO_AIBI_AZBZ_ASBS

[Note: the inner product, as defined here, has the usual properties of:
[ Symmetry: AGB=BGOA
[ Additivity: (A+B)0oC=A0C+BoC

4,0 _ _

42 _ _
43 _ _



[ Homogeneity: (kA) ® C = k(A © C)
[ The dot product, as defined here, is not positive definite, but
[ suggests a Lorentz-Minkowski pseudo-metric:
[ AeA (A = cA") positive definite in some sub-domain.
and, so:

Ac-B=AxB+B0®OA

AxB=-BxA

AOGOB=BOA

A B=B.A
Note:

the inner and outer product definitions:
AOB="%AB+BoA)
AxB=%A-B-BoA)
are basis independant, from which arise
the dot and cross product, which reduce to their
ordinary forms in 3-D.
dot product:
A+B =AB"—-A'B' —A?B? - A3B?
Note, for 3-D (A° = B® = 0):
AeB=DeR>DIgp=%AB+BoA)
=-A'B' - A’B> - A%B?
the ordinary 3-D form
cross product:
AxB=%A-B-BoA)
=ut'(A°B' —A'B" + A’B® - A3B?) +
+u*?(A°B% - A'B3 — A2BY + A’B') +
+u*(A°B3 + A'B? — A’B' — A3B?)
(unchanged)

Another variation on the above is, with the same basis matrices, but
with weights: (®,= ¢*")

o111 711

w | 111 o 11 1

? 1 -1 1 1 e 1 -1 1 -1 ’
11 -1 1 1 -1 1 1
1 1 -1 -1 1 -1 1 -1
11 -1 1 1 1 -1 -1

4;2: 4’3:
? 1 -1 1 ? 11 1 -1

1
\1—1—11 \111—1/
so, under weighted matrix multiplication' with

bases: u*’, and weights: @* :

u4;0 ° u4;0 — _u4;0 , u4;1 ° u4;0
114;0

— _u4;1 , u4;2 ° u4;0
41 _ u4;0 , 114;2

— _u4;2 , u4;3
41 _ _u4;3 , 114;3

° u4;0 — _u4;3

ouk! = u¥! , u¥lou ou ou®!l = u#?



40 o u#2 = u*? 41 o 42 = g#3 42 o 42 1450 43 (42 _

u u , uv ou u , u""ou u , urou
utlou#3 = u#d | uHlou*® = —u*? | ufloutd = uHl | utBoud =
114;0 ° u4;0 — _u4;0 114;1 ° u4;0 — _u4;1

u4;0 ° u4;1 — u4;1 u4;1 ° u4;1 — 4;0

114;0 ° u4;2 — 114;2 114;1 ° u4;2 — 114;3

u4;0 o u4;3 — u4;3 u4;1 ° u4;3 — _u4;2

114;2 ° u4;0 — _u4;2 114;3 ° u4;0 — _u4;3

u4;2 ° u4;1 — _u4;3 u4;3 ° u4;1 — u4;2

114;2 ° u4;2 — 114;0 114;3 ° u4;2 — _u4;1

u4;2 ° u4;3 — u4;1 u4;3 ° u4;3 — u4;0

so,with:

A = u*0A0 + u¥1A + ut2A? + utdA3
B = u*'B + u*'B! + u*?B? + u**B’
then:
AoB = u*!(A°B' —A'B" + A2B3 — A%B2) +
+ut2(A%B2 — A'B3 — A?B" + A3B') +
+ut(A°B3 + A'B2 — A’B' — A®B0) +
+u*0(-A°B° + A'B' + A’B? + A3B?)
and, so:
AOB=(AocB+BoA) =u*(-A°B° + A'B! + A2B? + A3B?) ,inner product
AxB =4(AocB-BoA) = u*'(A°B' —A'B° + A2B3 — A3B?) +
L ut2(A%B2 — A'B3 — A?B" + A3B') +
+u*(A°B3 + A'B? — A’B' — A3B°%) ,outer product

Ao(—u*) =A , VA
So:
Al (= —u*’) 3 Aolzr = A, VA : Right Hand Identity

AeB= DeRaoAGOB=IrD : dot product
:AOBO_AIBI_AZBZ_ASB3

[Note: the inner product, as defined here, has the usual properties of:
[ Symmetry: AOGOB=BOA

[ Additivity: A+B)oC=A060C+BoC

[ Homogeneity: (kA) ® C = k(A © C)

[ The dot product, as defined here, is not positive definite, but
[ suggests a Lorentz-Minkowski pseudo-metric:

[ A A (A = cA") positive definite in some sub-domain.

and, so:
Ao B=AxB+BGOA
AxB=-BxA

AGB=BOA

—u

u

4;1
4;0



AB=B-.A

Note:
the inner and outer product definitions:
AOB="%AB+BoA)
AxB=%A-B-BoA)
are basis independant, from which arise
the dot and cross product, which reduce to their
ordinary forms in 3-D.
dot product:
A+B =AB"-A'B' — A’B? - A3B?
Note, for 3-D (A° = B® = 0):
AeB=DeR>DIgp=%AB+BoA)
=-A'B' - A’B> - A%B?
the ordinary 3-D form
cross product:
AxB=%A-B-BoA)
=ub'(A°B' —A'B" + A’B® -~ A3B?) +
+u*?(A°B% - A'B3 - A2BY + A’B') +
+u*(A°B3 + A'B? — A’B' — A3B?)
(unchanged)

With another variation on the above, we can create a ’Left-Hand-Rule” space, where
i xk=j, kxi=—j, with the same basis matrices, but with weights: (®,= ¢*")

(o111 1) (-1 -1 1

o0 = 1 -1 1 1 ot 1 -1 1 1 |
’ 1 -1 -1 1 ’ 1 -1 -1 -1
1 -1 -1 -1 1 -1 1 -1
11 -1 -1 1 -1 -1 -1
ot - 1 -1 -1 -1 ot = 1 -1 -1 -1
: 1 1 -1 1 : 1 1 -1 -1

11—1—1/ \111—1/

so, under weighted matrix multiplication' with
bases: u*’, and weights: @* :

u4;0 ° u4;0 — _u4;0 , u4;1 ° u4;0 — _u4;1 , u4;2 ° u4;0 — _u4;2 , u4;3 ° u4;0 — _u4;3
114;0 ° u4;1 — 1141 , u4;1 ° 114;1 — _u4;0 , u4;2 ° 114;1 — _u4;3 , u4;3 ° 114;1 — _u4;2
u4;0 o u4;2 _ u4;2 , u4;1 o u4;2 _ u4;3 , u4;2 o u4;2 — _u4;0 , u4;3 ° u4;2 — _u4§1
114;0 ° u4;3 — u43 , u4;1 ° 114;3 — u4;2 , 114;2 ° u4;3 — 114;1 , u4;3 ° 114;3 — _u4;0



114;0 ° u4;0 — _u4;0 114;1 ° u4;0 _ _u41
u4;0 o u4;1 — u4;1 u4;1 ° u4;1 — _u4;0
114;0 ° u4;2 — 114;2 114;1 ° u4;2 — 43
u4;0 ° u4;3 — u4;3 u4;1 ° u4;3 — 4;2
114;2 ° u4;0 — _u4;2 114;3 ° u4;0 _ _u43
u4;2 ° u4;1 — _u4;3 u4;3 ° u4;1 — _u4;2
114;2 ° u4;2 — _u4;0 114;3 ° u4;2 _ _u41
u4;2 o u4;3 — u4;1 u4;3 ° u4;3 — _u4;0
so,with:

A = u*0A0  u¥IAT 4 u*?A? +utiA3
B = u**B + u*'B! + u*?B? + u*3pB3
then:
AoB = u*!(A°B' —A'B" + A2B3 — A%B2) +
L ut2(A%B2 £ A'B3 — A?B" — A3B') +
+ut3(A°B3 + A'B2 — A’B' — AB0) +
+u*0(-A°B° + A'B' + A’B? + A3B?)
and, so:
AOB=%AoB+BoA) =u*(-A°B° + A'B' + A2B? + A3B?) ,inner product
AxB =4(AocB-BoA) = u*'(A°B' —A'B° + A2B3 — A3B?) +
L ut2(A%B2 + A'B3 — A2B" — A3B') +
+u*(A°B3 + A'B? — A’B' — A3B°%) ,outer product

Ao(—u*’) =A , VA
S0:
Alg (= —u*’) 3 Aoz = A, VA : Right Hand Identity

AeB= DeRaoAGOB=IrD : dot product
= A°B° + A'B! + A’B* + A’B?

[Note: the inner product, as defined here, has the usual properties of:

[ Symmetry: AOB=BOA
[ Additivity: (A+B)0C=A0C+BoC
[ Homogeneity: (kA) ® C = k(A © C)
[ The dot product, as defined here, adds the usual property:
[ Positivity: AeA>0, VA and A A=0=A=0
and, so:
Ac-B=AxB+B0®A
AxB=-BxA
AOGOB=BOA

AB=B-.A



